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1 Introduction 

Let M/l G denote the quotient in the sense of Mumford's geometric invariant 
theory [HI] of a nonsingular connected complex projective variety M by an 
action of a connected complex reductive group G which is linear with respect 
to an ample line bundle L on M. Such quotients often appear as moduli 
spaces or as compactifications of moduli spaces in algebraic geometry, and 
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their topology has been studied for many years, stimulated in particular by 
the inspiring work of Atiyah and Bott j2] in the early 1980s and Witten PHI a 
decade later. In ^ (see also OEIlEnilSniElllSni) formulas were obtained 
for the intersection pairings of cohomology classes of complementary dimen- 
sions in H*{M//G) under the assumption that every semistable point of M is 
stable. In that case the quotient M//G has only orbifold singularities and its 
cohomology with complex coefficients behaves much like that of a nonsingu- 
lar projective variety; in particular its intersection cohomology IH*{M//G) 
is the same as its ordinary cohomology H*{M//G). (Intersection cohomol- 
ogy is defined with respect to the middle perversity throughout this paper, 
and all cohomology and homology groups have complex coefficients.) In this 
paper we shall give formulas (see Theorem 8.4) for the pairings of inter- 
section cohomology classes of complementary dimensions in the intersection 
cohomology IH*{M//G) of geometric invariant theoretic quotients M//G 
for which semistability is not necessarily the same as stability (although we 
make some weaker assumptions on the action). We also give formulas for 
intersection pairings on resolutions of singularities (or more precisely partial 
resolutions, since orbifold singularities are allowed) of the quotients M//G 
(see Proposition 8.1). 

Let i^' be a maximal compact subgroup of the reductive group G, and let 
k denote its Lie algebra. Then using the given linearization of the G-action 
on M we can choose a /^-invariant Kahler form u on M, and the action of 
on M is Hamiltonian with respect to the symplectic structure given by uj; 
i.e. there exists a moment map fi : M k* for the action (see for example 
Chapter 2 of [25J). The inclusion of /i~^(0) in the set M*** of semistable points 
of M induces a homeomorphism from the Marsden-Weinstein reduction, or 
symplectic quotient, ^~^{0)/K to the geometric invariant theoretic quotient 
M//G ([23] 8.14). The condition that semistability equals stability is equiv- 
alent to the condition that is a regular value of the moment map, and 
implies that the cohomology H*{M//G) of the quotient M//G is naturally 
isomorphic to the equivariant cohomology H^{fi~^{0)) of yU~^(0) (recall that 
we are working with cohomology with complex coefficients). The restriction 
map H'^{M) — ^ if^(/i~^(0)) is surjective ([23] 5.4), and, as a module over 
the equivariant cohomology of a point, which we write as if^, the equiv- 
ariant cohomology H'^{M) of M is just the tensor product of its ordinary 
cohomology H*{M) and (^25j 5.8). When semistability coincides with 
stability, the composition of the restriction map H'^[M) if^(/i"^(0)) and 
the isomorphism if^(/i"^(0)) H*{M//G) gives us a natural surjective ring 
homomorphism 

Km:H],{M)^H*{M//G). (1.1) 

The residue formula of [20] is a formula for pairings of cohomology classes 
of complementary dimensions in M// G in terms of equivariant cohomology 
classes in M which represent them via this surjection km-, in the case when 
semistability equals stability. This formula was obtained from a version 
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of Witten's nonabelian localization principle for compact Hamiltonian 
group actions. For e > and ( a formal i^'-equivariant cohomology class on 
M given by a sum ( = Z]j>o where Q G Hj^{M), Witten defines an integral 
P{C), which depends on choosing a fixed invariant inner product <, > on k. 
If we represent elements of H'^{M) by polynomial functions on k with values 
in the De Rham complex i7*(M), this integral is 

nc)= J I me-'-''''''^/' f cw (1.2) 

[Ztt)'^ vol [K) Jxek Jm 

where : H'^lM) is the pushforward map given by integration over 

M, the measure [dX] on k is induced by the fixed inner product, vol (K) is 
the integral of the induced volume form on K and s is the dimension of K. 
When ( is of the form 

C = Ve'" 

where t] G H'^{M) and uj is the extension uj = u + fi of the symplectic form 
u to an equivariantly closed differential form on M, Witten expresses this 
integral as a sum of local contributions. If we assume for simplicity that the 
stabilizer in i^" of a generic point of /i~^(0) is trivial, then one of these local 
contributions reduces to the evaluation 

«:M(C)e^®[M//G] 

of the fundamental class [M//G] against the product /tM(C)e''®, where km(C) 
is the cohomology class on M// G induced by ( and 9 is the image under the 
natural map 

Hk Hk{ij'\0)) = H*{M//G) (1.3) 

of a distinguished class in H^. In fact if we identify H'^ in the natural way 
with the space of i^-invariant polynomials on k then B is the class represented 
hy X \—> — I < X,X >. This local contribution is thus a polynomial in e, 
whereas the other terms in Witten's expression for P{C) as a sum of local 
contributions all tend to zero exponentially fast as e tends to 0. 

Of course if the degree of ?7 G H^{M) is equal to the real dimension of 
M//G, then for ( = rje^^ we have 

«M(C)e^®[M//G] = /tM(r/)e*"''+^®[M//G] = KM{ri)[M//G] 

where ojq is the induced symplectic form on M//G] note that uj = uj on /U~^(0) 
since /z vanishes there. Also km is a ring homomorphism, so if KAf(«) and 
Km{P) are cohomology classes of complementary degrees in M//G then their 
intersection pairing is given by (a/5)[M//G']. Thus the behaviour as e — 
of the integrals P{a(3e^^) determines the intersection pairings of cohomology 
classes km(q:) and k.m{P) of complementary degrees in M//G. Moreover since 
M//G has at worst orbifold singularities, its cohomology H*{M//G) satisfies 
Poincare duality and so these pairings in principle determine the kernel of 
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the surjection km '■ H^{M) H*{M//G), and hence the ring structure of 
H*{M//G) given the ring structure of H^{M). 

In (20] the integral P{rie^'^) is rewritten as an integral over the Lie algebra 
t of a maximal torus T of K. The localization theorem for compact ahelian 
actions proved by Berline and Vergne |E] and by Atiyah and Bott 3J is used to 
decompose this integral as a sum of terms indexed by the set JF of components 
of the fixed point set of T on M. This leads to a formula (the residue 
formula, Theorem 8.1 of [IHI; see Theorem 3.1 of [22] for a corrected version) 
for nM{fl)^^'^°[M / / G\. In fact there is no need to include the factor of i here, 
so we shall follow the conventions of [221 ^"^^ omit it. If is the order of 
the stabilizer in il' of a generic point of /i~^(0) the residue formula then is 

(1.4) 

where vol (T) and [dX] are the volume of T and the measure on its Lie algebra 
t induced by the restriction to t of the fixed inner product on k, while W is 
the Weyl group of K, the polynomial function Vi^X) of X G t is the product 
of the positive roots^ of K and = (s — Z)/2 is the number of those positive 
roots; as before, s is the dimension of K and / is the dimension of T. Also 
is a subset of T consisting of those components F of the fixed point set 
M'^ on which the constant value taken by the T-moment map '■ M ^ t* 
(which is the composition of /i : M — k* with the natural map k* t*) lies 
in a certain cone in t* with its vertex at 0, and if F G then ip '■ F ^ M 
is the inclusion and ei? is the equivariant Euler class of the normal bundle to 
F in M. 

In this paper we consider the more general situation where there may 
be semistable points of M which are not stable (or equivalently is not a 
regular value of /i); we assume only that there do exist some stable points 
(or equivalently that there exist some points in /i~^(0) where the derivative 
of n is surjective). Then there is no longer a natural surjection from H^{M) 
to H*{M//G), and since M//G is in general singular (with singularities more 
serious than orbifold singularities) its co homology H*{M//G) may not satisfy 
Poincare duality. However even for singular complex projective varieties, the 
intersection cohomology groups defined by Goresky and MacPherson ^] 
satisfy Poincare duality, as well as the other properties of the cohomology 
groups of nonsingular complex projective varieties known collectively as the 
Kahler package. Moreover the intersection cohomology IH*{M//G) of the 
quotient M//G is a direct summand of the ordinary cohomology of any res- 
olution of singularities of M//G\ this is a special case of the decomposition 

^In this paper, as in |22], we adopt the convention that weights /? G t* send the integer 
lattice = ker(exp : t ^ T) to Z rather than to 27rZ, and that the roots of K are the 
nonzero weights of its complexified adjoint action. This is one reason why the constant 
in the residue formula above differs from that of [201 Theorem 8.1 (see the footnotes on 
pages 123-5 of '^). 
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theorem of Beilinson, Bernstein, Deligne and Gabber j3] . 

There is a canonical procedure (see [211 ) for constructing a partial res- 
olution of singularities MjjG of the quotient M//G. This involves blowing 
M up along a sequence of nonsingular G-invariant subvarieties, all contained 
in the complement M — of the set of stable points of M, to eventu- 
ally obtain a nonsingular projective variety M with a linear G-action, lifting 
the action on M, for which every semistable point of M is stable. Then 
the quotient MjjG has only orbifold singularities, and the blowdown map 
TT : M — >■ M induces a birational morphism ttq '■ M //G ^ MjjG which is an 
isomorphism over the dense open subset jG of MjjG. 

Since we are working with complex coefficients and neglecting torsion, 
orbifold singularities cause few difficulties and in particular the intersection 
cohomology IH*{MjjG) of MjjG is a direct summand of the cohomology of 
its partial resolution of singularities MjjG. So we can consider the compo- 
sition 

H*k{M) H*k{M) H*{MjjG) I H* {MjjG) (1.5) 

of maps, of which the first is induced by the blowdown map M M, the 
second is (see dHH)) and the third is the projection of H*{MjjG) onto 
its direct summand I H* (MjjG). This composition is surjective (see P71l41p 
and in many ways it is a natural generalization of the map Km '■ H^{M) — > 
H*{MjjG) defined when M'" = M" at (HH), so we shall call it km too. Since 
the inclusion of IH*{M jjG) as a direct summand of H*[M jjG) respects the 
intersection pairings of classes of complementary dimensions (see j23| Section 
6), it is reasonable to hope that the residue formula (1.4) can be applied to 
the quotient MjjG to yield a formula for the intersection pairings of classes 
km(«) and k,m{P) of complementary dimensions in IH*{MjjG). 

Unfortunately various complications arise when we try to apply the residue 
formula ()1.4|) above to M to obtain pairings on the partial desingularization 
MjjG. In particular, although the construction of MjjG from the linear 
G-action on M is canonical and explicit, the construction of M is not. In 
fact the procedure given in iSG^ is to blow up the set M** of semistable points 
of M along a sequence of nonsingular G-invariant closed subvarieties V of 
M**, after each blow-up throwing out any points which are not semistable, 
to eventually arrive at M** and thus obtain MjjG = M^^ jG. The variety M 
itself can be obtained by resolving the singularities of the closures V of these 
subvarieties V and blowing up along their proper transforms, but in practice 
this is not usually simple. Since the residue formula (1.4) involves the set of 
components of the fixed point set of the action of the maximal torus T of 
applying it directly to M is likely to be very complicated; knowledge of the 
set of semistable points M** alone would certainly not be sufficient. Luckily 
it turns out that there is a simpler way to obtain the pairings. 

It is worth observing, however, that when K is itself a compact torus T 
(or equivalently when the complexification G = i^'c of is a complex torus 
Tc) then most of the difficulties described above disappear. In this case M 
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can be obtained from M by blowing up along the components which meet 
^ss ^Qj, equivalently which meet /i^^(O)) of the fixed point sets of subtori T' 
of T, in decreasing order of the dimension of T' . 

In the general case we can make use of the key observation due to S. 
Martin ED] and independently to Guillemin and Kalkman that when 
M** = the evaluation km{ii)[M//G\ of the induced cohomology class 
i^Aiiv) ^ H*{M//G) on the fundamental class of M//G is equal to a constant 
multiple, independent of 77 G H'^{M), of the evaluation on the fundamental 
class of M//Tc of the cohomology class K^jirjV'^) on M//Tc induced by r]V^ e 
H^{M). Here rj and V are regarded as elements of H^{M) via the natural 
maps H*k{M) H^{M) and ^ H^{M). Indeed it follows from (0|) 
that if is the order of the stabilizer in T of a generic point of /x^^(O) then 

KMmM/iG] = ""'^^^J^^ iAvv'miin (i.e) 

TT-O I M/ I 

when M** = (although we have to be careful how we interpret the right 
hand side of this equation if semistability is not the same as stability for 
the torus action), and Martin jHO] has given a direct proof of this which also 
shows that n\j{rjV)[M / /T^ is, up to a sign (—1)"+ which depends on a choice 
of orientation, the evaluation on the fundamental class of yU~^(0)/T of the 
cohomology class induced by 77 G H^{M). If ikf* 7^ M'^ then we can apply 
to the blow-up M of M obtained in the construction of the partial 
desingularization M//G of M//G. 

Next we use the second stage of the approach to nonabelian localiza- 
tion due to Guillemin-Kalkman and to Martin, which involves studying 
the symplectic quotients /i7^^(^)/T as ^ varies in t*. Since T is abehan, 
/it — ^ : M — > t* is a moment map for the action of T on M and /i^^(^)/T 
is a symplectic quotient which, when ^ is rational, can be identified with the 
geometric invariant theoretic quotient M//Tc of M by the complex torus Tc 
with respect to a modified linearization. 

Recall that the image /^^(M) of the moment map fix for the action of 
the maximal torus T of i^' is a convex polytope; indeed /ly is constant on 
the connected components F G of the fixed point set for the action of 
T on M, and so firiM'^) is a finite set, whose convex hull is fiT^M) jU [TE\ . 
The convex polytope ij,t{M) is a union of subpolytopes, each of which is 
the convex hull of a subset of the finite set //^(M^) and contains no points 
of fiT{M^) in its interior. The interior of each such subpolytope consists 
of regular values of fiT- The boundaries (or 'walls') between subpolytopes 
consist of the critical values of the moment map ht, and are the images under 
fiT of the fixed point sets of one-parameter subgroups of T. The evaluation 
on the fundamental class of fi^'^{^)/T of the cohomology class induced by 
any rj G H^{M) is unchanged as ^ G t* varies within a connected component 
of the set of regular values of /zr, and in |2] formulas are obtained for the 
change in this evaluation as ^ crosses a wall. Applying these formulas to 
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the blow-up M of M, we find that it is possible to choose ^ G t* which is a 
regular value of both and with the following two properties. Firstly 
the difference between 

and the evaluation on the fundamental class of jl^^{^)/T = M // of the co- 
homology class induced by t]!)^ G H^{M) can be calculated in terms of data 
determined purely by the construction of M*** from M^'^, which is canonical 
and explicit, rather than the construction of M from M, which is neither 
canonical nor explicit. Secondly this evaluation on [M//^Tc] is equal to the 
evaluation on the fundamental class of /x^^(^)/T of the cohomology class in- 
duced by r]V'^, which can be calculated by using the residue formula ()1.4p 
applied to the action of T on M with the moment map fir—^- This combined 
with (jl.fij) enables us to calculate pairings in the cohomology of the partial 
desingularization M//G of M//G. 

In order to understand pairings in IH*{M//G) of intersection cohomology 
classes on the singular quotient M//G we make use of the work of the second 
author in [23 . First note that the composition km '■ H*^{M) IH*{M//G) 
at (jl.5|) factors as the composition of the restriction map H^{M) — > if^(M^*) 
and a surjection 

K% : H*j,iMn - IH\M//G). (1.7) 

In 122] it is shown that if the action of G on M is weakly balanced (see 
Definition 5.3 below), then there is a naturally defined subset Vm of H'^[M^^) 
such that : H^{M^^) IH*{M//G) restricts to an isomorphism 

: Vm ^ IH*{M//G). 

In [221 it is also shown that the intersection pairing of two elements km{c() and 
i^-AiiP) of complementary degrees in IH*{M//G) is equal to the evaluation 
of the image in H*{M//G) of the product a/3 e H^{M) on the fundamental 
class [M//G], provided that a|Af»'> and PIm"" lie in Vm- In Section 8 below 
we shall show that if a|M'= and PIm"" he in Vm and are of complementary 
degrees with respect to M//G, then the intersection pairing of KAf(«) and 
km{(3) in IH*{M//G) is given, just as at dHH), by 

{nMia),KMmiHHM//G) = Jim '^^^^^^^ ^ Jf e (X) ^ "^^^^^ 

(1.8) 

provided that the multivariable residue res and the subset ^+ of are inter- 
preted correctly. In the case when T is one-dimensional, as before we can take 
J-'+ to be the set of those F ^ T such that firiF) is positive. The difference 
now is that there may be some F E with ^t{F) = 0, which cannot happen 
when semistability coincides with stability; this suggests that we need to be 
careful to decide whether JF_|_ consists of those F G for which firiF) is 
non-negative, or just those for which ^t{F) is strictly positive. However it 
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turns out that when a and /3 he in Vm then 



^ JF CiTl A 1 



so in fact it does not matter which definition of we choose here, and the 
situation is similar when dimT > 1. 

We can also consider Witten's integral Pirje^'^). When is a regular 
value of the moment map (or equivalently when semistability is the same 
as stabihty) then, as we have seen, /''(r/e*'^) can be expressed as a sum of 
terms which tend to exponentially fast with e, together with 

which is a polynomial in e and can be expressed using the residue formula 
(1.4) as a sum over the components F G of M'^ . When is not a regular 
value of /i we can still write Witten's integral P{rie^'^) as a sum of exponen- 
tially small terms together with a sum over the components F E J-" of 
(see Section 9 below). The terms in this sum indexed by F G such that 
firi^) does not lie on a wall through are exactly as they would be in the 
case when is a regular value of /x, i.e. the residue of 

\W\voliT) ^^^^^ ' If ^H^^ 

In particular these terms are polynomials in e. However the terms indexed 
by -F G such that Ht{F) does lie on a wall through are in general only 
polynomials in e^^^, and it is unclear whether the sum can be interpreted in 
terms of intersection pairings when is not a regular value of fi. 

The construction of the partial desingularization M//G can also be car- 
ried out in the symplectic category, using symplectic blow-ups, to give a 
partial desingularization of the symplectic reduction of any Hamiltonian in- 
action on a compact symplectic manifold |S21 HD] • Because symplectic blow- 
ups depend on a number of choices the partial desingularizations obtained 
will not be unique up to symplectomorphism, but they will be determined up 
to symplectic homotopy, and in particular up to diffeomorphism. The anal- 
ysis of Witten's integral P{rie^'^) and the formulas for pairings in H*{M//G) 
and IH*{M//G) are also valid for singular symplectic reductions. 

In jSni Witten studied the moduh spaces 7W(n, d) of holomorphic bundles 
of rank n and degree d over a fixed compact Riemann surface S as symplec- 
tic reductions of infinite dimensional affine spaces by infinite dimensional Lie 
groups. When the rank n and degree d of the bundles are coprime (i.e. when 
semistability is the same as stability and the moduli space Ai {n, d) is nonsin- 
gular) then using physical methods Witten obtained formulas (later proved 
using different methods in [221) intersection pairings on these moduli 
spaces from asymptotic expansions of the integrals P{rie'^'^) as e tends to 0. 
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He also gave formulas for the asymptotic expansions of the integrals in the 
simplest case when semistability differs from stability, namely the case of bun- 
dles of rank two and even degree, and he noted that powers of e^^^ appeared. 
In a forthcoming article ^Hj we will use the finite dimensional methods of 
[22] together with the results of this paper to rederive Witten's calculations 
for A4{2, 0) and give formulas for intersection pairings in IH*{Ai{n, d)) and 
on the partial resolution of singularities of the moduli space A^(n, (i), in the 
general case for n > 2 when n and d may have common factors so that 
M.{n,d) may have singularities. 

The layout of this paper is as follows. In Section 2 we recall briefly 
the relationship between geometric invariant theory (GIT) and the moment 
map in symplectic geometry, and the use of equivariant cohomology to study 
the cohomology of GIT quotients. In Section 3 we review Witten's prin- 
ciple of nonabelian localization and the residue formula of [201 in the case 
when is a regular value of the moment map. In Section 4 we recall the 
construction of the partial desingularization MjjG. In Section 5 we review 
intersection cohomology and the work of the second author in and in 
Section 6 we study intersection pairings in IH*{M//G) via the isomorphism 
K'M '■ I H* {M // G) from (221 • In Section 7 we give formulas for pairings 

in the intersection cohomology IH*{M//G) of the singular quotient, and in 
Section 8 we calculate pairings in the cohomology H*{M//G) of the partial 
desingularization. Finally in Section 9 we study Witten's integral. 

2 The moment map and cohomology of quo- 
tients 

In this section we shall recall briefly the relationship between geometric in- 
variant theory and the moment map in symplectic geometry (see e.g. [33] or 
for more details), and the use of equivariant cohomology to study the 
cohomology of geometric invariant theoretic quotients. 

Let M be a nonsingular connected complex projective variety, and let G 
be a connected complex reductive group acting on M. In order to define 
the geometric invariant theoretic quotient M//G we need a linearization of 
the action of G on M; i.e. we need a lift of the action to a linear action on 
a line bundle L over M, which is usually assumed to be ample. We shall 
suppose for simplicity that M is embedded in a complex projective space 
and that L is the hyperplane line bundle on M; then we need the action of 
G to be given by a representation p : G ^ GL{n + 1). The quotient MjjG is 
the projective variety defined by the finitely generated graded subalgebra of 
0fc>o -ff°(M, L'^'^) consisting of all elements invariant under the action of G. 

There is a surjective G-invariant morphism r : M*** — > MjjG from an 
open G-invariant subset M*** of M (whose elements are called semistable 
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points of M) to M//G; in fact x G M is semistable if and only if there is a 
G-invariant section of L'^^ for some k which does not vanish at x. If x and y 
are semistable points of M then r(x) = T{y) if and only if the closures of the 
orbits Gx and Gy meet in M***. There is an open G-invariant subset of 
M^^ (whose elements are called stable^ points of M) such that every fibre of 
r which meets is a single G-orbit of dimension equal to the dimension of 
G. We shall assume that M'* is nonempty; then the image of in M//G is 
open and dense and can be identified naturally with the ordinary topological 
quotient M'/G. 

We shall call elements of M** — strictly semistable, and write M*** = 

The subsets M** and of M are characterized by the following prop- 
erties (see Chapter 2 of [Slj or [35j). 

Proposition 1 (i) A point x & M is semistable (respectively stable) for the 
action of G on M if and only if for every g E G the point gx is semistable 
(respectively stable) for the action of a fixed maximal (complex) torus of G. 

(a) A point X E M with homogeneous coordinates (xq, . . . ,x„) in some co- 
ordinate system on P„ is semistable (respectively stable) for the action of a 
maximal (complex) torus ofG acting diagonally on P„ with weights ao, . . . , a„ 
if and only if the convex hull 

Convjaj : Xj 7^ 0} 
contains (respectively contains in its interior). 

Now let i^' be a maximal compact subgroup of G\ then G is the complex- 
ification of K. By choosing coordinates on P„ appropriately we may assume 
that K acts unitarily. Then K preserves the Kahler structure on M given by 
the restriction of the Fubini-Study metric on P„. The Kahler form uj makes 
M into a symplectic manifold on which K acts. Associated to this action 
there is a moment map /x : M ^ k*, where k is the Lie algebra of K, given 
in homogeneous coordinates ) by the formula 

fi{x).a = (27ri||xp)^Vp*(a)x* 

for a G k. Here the element p*(a) of the Lie algebra of the unitary group 
U{n + 1) is thought of as an n + 1 by n + 1 skew-hermit ian matrix. Recall 
that the defining property of a moment map /i : M — > k* is that 

rf/i(x)(0-a = a(x)) (2.1) 

for all X G M, ^ G T^M and a G k, where a is the vector field on M induced 
by a. We also require that /i carries the given /^-action on M to the coadjoint 
action on the dual of its Lie algebra. 

^This is now the usual terminology and notation. However in | 34| the terminology 
"properly stable" and notation ML^ are used instead. 
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When a compact group K acts on a symplectic manifold M and /i : 
M — > k* is a moment map for the action, the symplectic form on M induces 
a symplectic form on the quotient ii~^{Q)/K (away from its singularities, at 
least), which is the Marsden-Weinstein reduction or symplectic quotient of 
M by the action of K. In our situation fi~^{0)/K can be identified with the 
geometric invariant theoretic quotient M//G. A more precise statement is 
the following (see [31] Theorem 8.2 and Remark 8.3 or 6.2, 8.10, 7.2 and 
7.5). 

Proposition 2 (i) x & M*** if and only if yU~-'^(0) meets the closure of the 
orbit Gx in M. 

(a) X G if and only if fi^^{0) meets the orbit Gx at a point whose stabilizer 
in K is finite. 

(Hi) The inclusion of fi~^{0) in M*** induces a homeomorphism ii^^{0)/K 
M//G. 

If the Lie algebra k is given a fixed i^'-invariant inner product then we 
can consider the function 11 Morse function on M (although it is 

not a Morse function in the classical sense; see [25J). It induces a Morse 
stratification of M, in which the stratum containing any x G M is determined 
by the limit set of its path of steepest descent for (with respect to the 
Kahler metric). This stratification can also be defined purely algebraically, 
and has the following properties (see |25j 5.4 and Chapters 12 and 13). 

Proposition 3 (i) Each stratum is a G-invariant locally closed nonsingular 
subvariety of M. 

(a) M'^* coincides with the unique open stratum. 

(Hi) The stratification is equivariantly perfect (that is, its equivariant Morse 
inequalities are all equalities) over the complex numbers, and in particular 
the restriction map 

is surjective. 

Here the i^-equivariant cohomology of any topological space Y on which 
K acts is 

H*j,{Y) = H*iYxKEK) 

where EK BK is the universal if-bundle. (Recall that all cohomology 
groups have complex coefficients throughout this paper). Note that K is 
homotopically equivalent to its complexification G, so G-equivariant coho- 
mology is naturally isomorphic to i^-equivariant cohomology; we shall work 
with the latter in this paper. 
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If M is a manifold, the i^'-equivariant cohomology of M can be identified 
with the cohomology of a chain complex f2|^(M) whose elements are K- 
equivariant polynomial functions on the Lie algebra k of with values in 
the de Rham complex f2*(M) of differential forms on M (see for example 
Chapter 7 of [H]). We shall call elements of VL]^{M) equivariant differential 
forms on M. The differential D on this complex is defined by^ 

{D^){X) = d{r^{X)) - iMviX)) (2.2) 

where X* is the vector field on M generated by the action of X (see Chapter 
7 of fS'). We can write VL*k{M) = {S{k*) ® n*{M))^ where 5(k*) denotes 
the algebra of polynomial functions on the Lie algebra k of K. An element 
7] e Q*j^{M) may be thought of as a if-equivariant polynomial function from k 
to fl*{M), or alternatively as a family of differential forms on M parametrized 
by X G k. The standard definition of degree is used on Q*{M) and degree 
two is assigned to elements of k*. 

In fact, as a vector space though not in general as a ring, when M is a 
compact symplectic manifold with a Hamiltonian action of K then H'^{M) is 
isomorphic to H*{M)®H*j^ where H*j^ = Q*j^{pt) = S(k*)^ is the equivariant 
cohomology of a point (see j23 Proposition 5.8). 

It follows directly from the defining property of a moment map that if /i 
is regarded in the obvious way as a linear map from k to the space f2°(y) of 
smooth complex- valued functions on Y, then u G 0|^(M) defined by 

oo{X) =uj + ij{X) 

satisfies Dui = and therefore defines an extension of the cohomology class 
of u in H'^{M) to an equivariant cohomology class in H'^{M). 

If every semistable point of M is stable then by Proposition |21 -ft' acts on 
/i~^(0) with only finite stabilizers. Because of the defining property ()2.1|) of a 
moment map, this implies that is a regular value of fi and hence that /i^^(O) 
is a submanifold of M. Since the cohomology with complex coefficients of 
a classifying space of a finite group is always trivial, it also implies that the 
obvious map 

/i~^(0) XkEK fi'\0)/K 
induces an isomorphism 

H*{f,-\0)/K) = HUf^-\0)) (2.3) 

and hence H*{M//G) = H^(M'^^). Composing this with the surjection of 
Proposition int^iii), we find that if M^^ = then there is a natural surjective 
ring homomorphism from H^{M) to H*{M//G). 

■^This definition of the equivariant cohomology differential differs by a factor of i from 
that used in but is consistent with that used in |2(J[ I22| . 
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Example 4 Consider the action of G = SL{2) and its maximal compact 
subgroup K = SU{2) on P.„ identified with the space of unordered se- 
quences of n points in Pi (that is, with the projectivized symmetric product 
P(S'"(C^))). The diagonal subgroup C* is a maximal torus of G and acts with 
weights n,n — 2,72 — 4, 2 — n, —n on ^"(C^) = C""^^. An element [ao,...,a„] 
of P„ corresponds to the n roots in Pi of the polynomial with coefficients 
oq, a„; it is semistable (respectively stable) for the action of G if and only 
if at most n/2 (respectively strictly fewer than n/2) of these roots coincide 
anywhere on Pi. The induced stratification of M has strata 5*0 = M*** and 
Sj for n/2 < j < n. If n/2 < j < n then the elements of Sj correspond 
to sequences of n points on Pi such that exactly j of these points coincide 
somewhere on Pi, and 5*^- retracts equivariantly onto the subset of M where 
j points coincide somewhere on Pi and the remaining n — j points coincide 
somewhere else on Pi. This subset is a single G-orbit with stabilizer C*, so 
that 

H*j^{Sj) ^ H*{BC*) ^ H*{BS^), 
and the fact that the stratification is equivariantly perfect tells us that 

dim H%{M'') = dim H%{M) - dimi7F'''""^^'^('5,). 

n/2<j<n 

The same is true when M = (Pi)", except that then Sj has (") components, 
each of which retracts onto a single G-orbit and has equivariant cohomology 
isomorphic to H*{BS^) (see |25j Section 9 for more details). 

Example 5 (Example 6.3 in j23]-) Consider the C*-action on P^ by a repre- 
sentation with weights +1, 0, —1 with multiplicity 3, 2, 3 respectively. Then 

H*s.iv') = c[^,p]/<ei^-pm+p?> 

is the quotient of the polynomial ring C[^, p] where ^ is a generator in if^(p'^) 
and p is a generator in H'^{BS^), by the ideal generated by ^^(^ — p)^(^ + 
p)^. There are two unstable strata whose equivariant cohomology classes are 
^^(^ — pY and ^^(^ + pY- Since the Morse stratification with respect to the 
norm square of the moment map is equivariantly perfect, 

H*.mn = p]/ < ei^ - p)^ ei^ + pT > 

A Grobner basis for the relation ideal is 

{e^ + 3ev,ev+^ey,ey,ev} 

where ^ > p- Hence as a vector space, 
H*si{{fT) = C{Cy : ^ = 0, 1, J > 0} © C{ey ■.2z+j <9,i>2,j> 0}. 
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3 Residue formulas and nonabelian localiza- 
tion 



The map fl*f^{M) — > f2^(pt) = S{k*)^ given by integration over M passes to 
H^{M). Thus for any D-closed element t] G f2^(M) representing a cohomol- 
ogy class [77], there is a corresponding element JmV ^ ^xip^) which depends 
only on [77] . The same is true for any D-closed formal series rj = J2j Vj of 
elements T]j in f2]^(M): we shall in particular consider terms of the form 

where rj e Q*j^{M) and 

u{X) = uj + ij{X) G nl{M). 



If X lies in t, the Lie algebra of a maximal torus T of K, then there 
is a formula for j\^rj{X) (the ahelian localization formula [21130111) which 
depends only on the fixed point set of T in M. It tells us that 

„'KA-)^E/ff? (3.1) 

where indexes the components F of the fixed point set of T in M, the 
inclusion of F in M is denoted by ip and cp G H^{M) is the equivariant 
Euler class of the normal bundle to F in M. In particular, applying (jH.lj] 
with 1] replaced by the formal equivariant cohomology class rje'^ we have 

/ r/(X)e-W = Y: hUX), (3.2) 



where 

hUX) = e'^(^)W / (3.3) 

Note that the moment map /i takes a constant value /i(-F) = ^Jt-riF) G t* on 
each F G JF, and that the integral in ()3.3|) is a rational function of X. 

The main result (the residue formula, Theorem 8.1) of PU] gives a formula 
for the evaluation on the fundamental class [M//G\ G H^{M//G), or equiva- 
lently (if we represent cohomology classes by differential forms) the integral 
over M//G, of the image k,m{v)^'^° H*{M//G) of any formal equivariant 
cohomology class on M of the type rje'^ where 1] G H'^{M). 



Theorem 6 (i) (Residue formula, [20j Theorem 8.1) Let r] G H^{M) 
induce km^t]) G H*{M//G). Then 

KM{v)e'''[M//G] = noCKTes(v\X) ^ hl{X)[dX]\ (3.4) 
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where the constant Ck is defined by 

= |i^|voi(r)' ^^-^^ 

and uq is the order of the stabilizer in K of a generic point of fi^^{0). 
(ii) (Reduction to an integral over yU~^(0)/T, j^9j ) 

where is the order of the stabilizer in T of a generic point o//i^^(0). 



In these formulas \W\ is the order of the Weyl group W of K, while 
s = dimi^' and I = dimT, and = (s — /)/2 is the number of positive 
roots. The measure [dX] on t and volume vol (T) of T are obtained from the 
restriction of a fixed invariant inner product on k, which is used to identify 
k* with k throughout. Also, denotes the set of components of the fixed 
point set of T, and if F is one of these components then the meromorphic 
function /i^, on t®C is defined by (j3.3|) . The polynomial P : t — R is defined 
by 

D(x) = n7w, 

7>0 

where 7 runs over the positive roots of K. Note that it would perhaps be 
more natural to combine (—1)"+ from the constant Ck with T)'^(X) and 
replace them by the product 

of all the positive and negative roots of K. 

Let fiT '■ M —>■ t* he the composition of the moment map /i : M ^ k* 
with the restriction map from k* to t*; then /iy is a moment map for the 
action of T on M. In particular /ly is constant on any connected component 
F of the fixed point set M'^ for the action of T on M. 

The multivariable residue res which appears in the formula (3.4) above 
can be thought of as a linear map defined on a certain class of meromorphic 
differential forms on t ® C, but in order to apply it to the individual terms in 
the residue formula it is necessary to make some choices which do not affect 
the residue of the whole sum. Once the choices have been made, many of 
the terms in the sum contribute zero and the formula can be rewritten as 
a sum over a subset J-'+ of the set J-' of components of the fixed point set 
M'^ , consisting of those F e ^ on which the constant value taken by fiT lies 

"^In this paper we are adopting the conventions of ,22 on the equivariant differential 
and on the normalization of weights (see Footnote 9 on page 125 of for the effect of 
different conventions on the constant Ck)- 
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in a certain cone with its vertex at 0. When the rank of K is one and t is 
identified with M, we can take 

T+ = {F eJ^: firiF) > 0}. 

When K = U{1), then the residue formula becomes 

KM{v)e^'[M//G]=-noTesx=o{j2 hl{X)dx) (3.6) 

where resx=o denotes the coefficient of 1/X when X G M has been identified 
with 2mX e k. When K = SU{2) we have 

KMiv)e-nM//G] = ^resx=o{{2Xr ^fW) (3-7) 
when X G M has been identified with diag(27ri, —2TTi)X G t. 



Example 7 When K = SU{2) with maximal torus T = acts on M = 
(Pi)", the equivariant cohomology H^{M) of M with respect to T is gen- 
erated by n elements ^i, of degree two which are lifts of the standard 
generators of H*{M), together with another generator ( of degree two coming 
from H^, subject to the relations 

(6)^ = ... = iU' = 

is generated by and ("^ subject to the same relations. We assume 

that n is odd, so that is a regular value of fi, or equivalently semistability 
coincides with stability for the action of the complexification G = SL{2) of 
K (cf. Example 2.4). When Pi is identified with the unit sphere S'^ in 
and the dual of the Lie algebra of SU (2) is identified suitably with the 
moment map is given by 

H{Xi,...,Xn) = Xi + ... +Xn. 

The fixed point sets of the action of the standard maximal torus T of -f^ on 
M are the n-tuples {xi, ...,a;„) G (Pi)*^ such that each Xj is either or oo. If 
we index these by sequences {6i, ...,Sn) where 6j = 1 if a;j = and 6j = —1 
if Xj = oo, then ()3.7|) gives us the formula 

KM{q{^i,...,UC))e^'[M//G] = 

g(^iX,...,^„X,X^)e(^^+-+^")^ 

(5i,...,5„)e{l -l}",<5i + ...+<5„>0 *^nj f^j)-^" 

for any polynomial g(^i, C^) in the generators ^i, ^„ and for H^{M) 
(see Section 9 of 120]). 



resx=o(4X2 ^ 
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Remark 8 If we suppose that the degree of rj is equal to the real dimension 
of M//G then of course we have KM{v)(i'^°[M//G] = km{v)[M//G]. In order 
that the multivariable residue res which appears in the general version (3.4) 
of the residue formula should be defined, we still need to include the terms 
and coming from e"^ in the right hand side of (3.4). However we 
can omit them from the right hand side of ()3.6|) and ()3.7|) if we wish; they 
have done their job in reducing the sum over F G to a sum over F G J^+. 

Note that (see |2D] 2.7) the reciprocal of the T-equivariant Euler class 
ei?(X) can be expressed in the form 

T Nf 1 Nf 



eF{X) f}, c^iuj.,) + (3fAX) fArj^o f^FAXp^' 



where jSp,!, ■ ■ ■ , Pf,Nf the weights of the action of T on the normal bundle 
to F in M, and Ci^up,!), ■ ■ ■ , Ci{i'f,Nf) ^ H'^{F) are nilpotent. Thus the terms 
T)'^(X)h]p{X) appearing in the residue formula can all be expressed as finite 
sums of functions of the form 



g(X)e^W 



KX) = ^\ (3.8) 



where g(X) is a polynomial in X G t and A(X) and /5i(X), . . . ,/3Ar(X) are 
linear functions of X. It is shown in Proposition 3.2 of j2I] and Proposi- 
tion 8.11 of that the multivariable residue of h{XydX\ when hiX^ has 
this form is determined completely by a few elementary properties. Alter- 
natively res can be expressed in terms of iterated one-dimensional residues 
using Proposition 3.4 of 



Remark 9 Note that the multivariable residue defined and used in |2(H l2T] 
is very slightly different from the one used here and in because in |2()|l^ 
the residue formula is applied to formal equivariant cohomology classes of the 
form r/e*'^ instead of T^e^. The factors of i were omitted in [221 because they are 
essentially irrelevant to the residue formula, although they appear naturally 
in Witten's integral P^rje^'^). In [201 HIl, and also Section 9 of this paper, 
functions of the form g(X)e*'^*^^^ / IljLi PjiX) replace the functions of the form 
q{X)e'^^^^ / Ylf^i (3j{X) studied here and in [22]. To obtain the elementary 
properties which uniquely determine the multivariable residue used here and 
in [22], one simply omits all the occurrences of i in [21] Proposition 3.2 (see 
also Section 9 below). 



4 Partial resolution of singularities 

In this section we shall describe the construction of the partial resolution of 
singularities M//G ^ M//G (for more details see [2^])- 
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As before let M be a nonsingular complex projective variety embedded in 
a projective space P„ and let G be a connected complex reductive group acting 
on M via a representation p : G ^ GL{n + 1). Let V be any nonsingular 
G-invariant closed subvariety of M and let vr : M — ^ M be the blowup of 
M along V. The linear action of G on the hyperplane line bundle L over 
M lifts to a linear action on the line bundle over M which is the pullback 
of L'^'' tensored with 0{—E), where E is the exceptional divisor and A; is a 
fixed positive integer. When k is large the line bundle 'k*L®^ ® 0{—E) is 
ample on M, so there is an embedding of M in a projective space such that 
a positive tensor power of this line bundle is isomorphic to the restriction of 
the hyperplane line bundle on the projective space. It is proved in Section 3 
of that when k is large enough this linear action satisfies the following 
properties: 

(i) If y is semistable in M then n^y) is semistable in M. 

(ii) If 7r(t/) is stable in M then y is stable in M. 

The rough idea of the proof is to use Proposition 2.1 in conjunction with the 
facts that if A; > then the stability and semistability with respect to L®'^ of 
a point of M is independent of k, and that when k is large the weights of the 
action on H'^(M, 'k*L®^ ® 0{—E)) of a maximal torus of G can be thought 
of as small perturbations of the weights of its action on {M , n* L®'') . A 
similar argument shows that if k is sufficiently large then the sets and 
M*** of stable and semistable points of M with respect to this linearization 
are independent of k. 

Remark 10 Note that the induced symplectic form a) on M and moment 
map /t : M — i> k* are of the form 

uj = kTT*uj + Q and p, = kp o tt + u 

where fl and u are independent of k. Thus if ^ then after scaling by 
1/k (which does not change the quotient) the symplectic form and moment 
map for M are small perturbations tt*uj + {l/k)Q and p o tt + {l/k)v of the 
puUbacks to M of the symplectic form and moment map for M. 

Now M has semistable points which are not stable if and only if there ex- 
ists a nontrivial connected reductive subgroup of G which fixes some semistable 
point. If so, let r > be the maximal dimension of the reductive subgroups 
of G fixing semistable points of M, and let TZ{r) be a set of representatives of 
conjugacy classes in G of all connected reductive subgroups R of dimension 
r such that 

Z'j^ = {xeM'' : R fixes x} 

is nonempty. Then 

U GZ^R 

R&nir) 
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is a disjoint union of nonsingular closed subvarieties of M^**, and 

where A^^ is the normalizer of i? in G. 

By Hironaka's theorem [18^ we can resolve the singularities of the closure 
of Ui^e7^(r) GZ^^ in M by performing a sequence of blow-ups along nonsin- 
gular G-invariant closed subvarieties of M — M'^*. We then blow up along 
the proper transform of the closure of U R^fi{r) GZ^ to get a nonsingular 
projective variety Mi. The linear action of G on M lifts to an action on 
this blow-up Ml which can be linearized using suitable ample line bundles 
as above, and it is shown in |2n| that the set M^* of semistable points of 
Ml with respect to any of these suitable linearizations of the lifted action is 
the complement in the inverse image of M** of the proper transform of the 
subset 

U Gz^R 

of M^*, where : M** — M//G is the canonical map. Moreover no point 
of M^* is fixed by a reductive subgroup of G of dimension at least r, and a 
point in M^* is fixed by a reductive subgroup i? of G of dimension less than 
r if and only if it belongs to the proper transform of the subvariety Zf^ of 

The same procedure is now applied in (26j to Mi to obtain M2 such that 
no reductive subgroup of G of dimension at least r — 1 fixes a point of M|''. 
After repeating enough times we obtain M satisfying M'** = M^, and then 
the induced map M//G ^ M//G is a partial resolution of singularities. 

Remark 11 If we are only interested in M'^'* and the partial resolution M//G 
of M//G, rather than in M itself, then there is no need in this procedure to 
resolve the singularities of the closure of U_Re7e(r) GZ^ in M. Instead we can 
simply blow M^'^ up along U_Re7e(r) GZf^ (or equivalently along each GZf^ in 
turn) and let Mf^ be the set of semistable points in the result. 




Example 12 Let G = SL(2) act on M = (Pi)" and suppose that n is even, 
so that semistability and stability do not coincide (see Example 2.4). The 
semistable elements of M which are fixed by nontrivial connected reductive 
subgroups of G are those of the form (xi, x„) such that there exist distinct 
p and q in Pi with exactly half of the points Xi, x„ equal to p and the rest 
equal to q. They form 

n\ 

2((n/2)!)2 

G-orbits and their stabilizers are all conjugate to the maximal torus = C* 
of G. We obtain the partial desingularization M//G by blowing up M//G 
at the points corresponding to these orbits, or equivalently by blowing up 
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M** along these orbits, removing the unstable points from the blowup (these 
form the proper transform of the set of (xi, G M^* such that exactly 

half of the points Xi, x„ coincide somewhere on Pi) and finally quotienting 
byG. 

5 Intersection homology and a splitting of 
the surjection : H*j^(M'') IH*{M//G) 

In this section, we shall recall the splitting constructed in j2S] (see also [21]) 
of the surjection : H*j^{M'') IH*{M//G) defined at (ITT|l . 

Let W he a (singular) complex projective variety. Then it has a filtra- 
tion W = Wm 5 Wm-1 ^ ■ ■ ■ ^ Wq by closed subvarieties which defines a 
Whitney stratification of W with nonsingular strata Wj — Wj-i of complex 
dimension j, and its intersection cohomology IH*{W) with complex coeffi- 
cients and with respect to the middle perversity can be defined as follows 
im I12j. Let JC^™~*(Vr) be the group of chains a of dimension i in W such 
that 

dimM{\(T\nWm-k) <i-k-l, (5.1) 
dimM{\da\nWm-k) <i - k -2. (5.2) 

Then IC*{W) is a chain complex whose cohomology is the intersection coho- 
mology IH*{W) of W. It does not depend on the choice of the stratification 
and it is a homeomorphism invariant E] • It coincides with ordinary co- 
homology for nonsingular varieties, and also for orbifolds since we are using 
complex coefficients. If cr G IC*{W) then neither a nor da can be contained 
in Wm-i, so if L is any local coefficient system on the nonsingular open subset 
W — Wm-i of W then we can define a chain complex IC*(W, L) of intersection 
chains in W with coefficients in L, and thus define the intersection homology 
IH*{W, L) of W with coefficients in L. 

Any two intersection cohomology classes of complementary degrees in 
W can be represented by cycles in W which intersect transversely and only 
on the nonsingular part of at a finite number of points. If we count 
these intersection points with appropriate signs we obtain a nondegenerate 
pairing on IH*{W) which is called the intersection pairing. Thus IH*{W) 
satisfies Poincare duality. It also satisfies the properties of the cohomology of 
smooth compact Kahler manifolds known as the Kahler package, including 
the existence of a Hodge structure and the hard Lefschetz property. 

One of the most useful tools for working with intersection cohomology is 
the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber jl] 
which tells us that if f : A ^ B is a projective map of complex varieties then 
there exist closed subvarieties Ba of B and local systems La on open dense 
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subsets of Ba such that 

IH%A) = ^IW-'-{B^,L^) (5.3) 

a 

for suitable integers la- If f is birational then there is some a such that 
Ba = B and La = C and la = 0, so that IH*[B) appears as a direct summand 
of IH*{A) in this decomposition. In particular, the intersection cohomology 
I H* {M // G) of the GIT quotient M//G can be regarded as a direct summand 
of the ordinary cohomology H*{M //G) of its partial desingularization M//G, 
so we get a surjection 

H*{M//G) IH*{M//G). (5.4) 

The decomposition ()5.3|) is unfortunately not in general canonical, but in our 
situation the hard Lefschetz theorem can be used to make a canonical choice 
of decomposition and hence a canonical choice of surjection H*{M//G) — > 
IH*{M//G) (see 

Our goal is to understand the intersection cohomology of the singular 
quotient M//G in terms of the equivariant cohomology of M. A procedure 
for computing the intersection cohomology Betti numbers dimIH^{M//G) 
is given in [2Ij, and it was generalized to symplectic quotients in jlO]. One 
can compute the equivariant Poincare series 

of M*** by equivariant Morse theory applied to the function ||/ip as in 
(cf. Proposition 2.3 above), and keep track of the equivariant Poincare series 
while blowing up until one reaches the partial desingularization, and then 
switch to intersection cohomology while blowing down until one comes back 
to M//G 121123 mi. The switch is possible since M'' = M^ so that 
H*k{M'') is isomorphic to H*{M//G) = IH*{M//G). 

Example 13 When K = SU (2) acts on M = P„ we have 
P^^(M) = {l+t^ + t^ + ...+t^''){l-tY^ 

and 

n/2<j<n 

(see Example 2.4). If n is odd so that semistability and stability coincide 
then this is a polynomial of degree 2{n — 3) in t whose coefficients are the 
(intersection) Betti numbers of M//G. If n is even, then to obtain the partial 
desingularization M //G one must blow up M** along the orbit of the element 
[0, 0, 1, 0, 0] G P„ corresponding to the polynomial whose roots in Pi are 
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and oo, each with multiphcity n/2, and then remove the unstable points 
from the blowup. This gives us 

Pt{M//G) = P^{M'') 

= (M^^ ) + (t^ + ^4 + . . . + i2(„-3) ) ( ^ _ ^4^ -1 _ ^„-2 ( ^ ^ ^2 ^ _ _ ^ ( ^ _ ^2 ^ - 1 

= i + 2e + 3t^ + 4f + ... + - 2)r-^ + - i)r-^+ 

71 71 

+ (_ _ 1)^-2 + (- - 2)r + ... + 3t2"-io + 2t'"-s + t2"-6. 

Finally we study the kernel of the surjection from H*{M//G) to IH*{M//G) 
to obtain the intersection Poincare polynomial of M//G as 

IPt{M//G) = Pt{M//G) - if + t^ + 2f + 2f + ... + [{n - 2)/4]r-^+ 

+ [{n - 2) /4]r-2 + + ^2n-10 ^ ^2n-8) 
= 1 + + 2t^ + 2t^ + ... + [n/A]e~^ + [n/4]r-2 + ... + 2t2"-10 ^ ^2n™8 ^ ^2n-6^ 

where [a] is the integer part of a. For more details see P7] . 

The composition of the maps in the partial desingularization process gives 
us a map from M*** to ikf* and hence a ring homomorphism H^{M^'^) — >■ 
H*j^{M^^). Via the decomposition theorem the corresponding maps on quo- 
tients induce surjections on intersection cohomology whose composition gives 
us our surjection from H*{M//G) = IH*{M//G) to IH*{M//G). In this way 
we get 

kI'j : H*k{M'') H*i^{M'') = IH*{M//G) IH*{M//G). (5.5) 

This map K^f : H^i^M"") IH*{M//G) is surjective; the proof of this in 
|27j is flawed but an alternative proof is given in ^Tj . 

In order to get useful information about the intersection cohomology 
IH*{M//G), a splitting of the map : H*j^{M'') IH*{M//G) was con- 
structed in |23t 123] under the assumption that the linear action of G on M 
is weakly balanced in the sense defined below. 

Definition 14 Suppose a nontrivial connected reductive group R acts on a 
vector space A linearly. Let B he the set of the closest points from the origin 
to the convex hulls of some weights of the action. For each (3 & B, denote by 
n{(3) the number of weights a such that a - (3 < (3 ■ j3 . The action is said to be 
weakly linearly balanced if2n{(3) — 2dimcR/ BStah(3 > dirricA — dim^R 
for every (3 & B where B is a Borel subgroup of R. 

Let 7?. be a set of representatives of the conjugacy classes in G of subgroups 
which appear as identity components of stabilizers of points x G M'^* such 
that Gx is closed in M***. Such subgroups are always connected reductive 
subgroups of G (see e.g. |2H1)- 
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Definition 15 Let G be a connected reductive group acting linearly on a 
connected nonsingular quasi-projective variety M. The G-action is said to be 
weakly balanced if for each R & TZ the linear action of R on the normal 
space Mx at any x G to GZ^ is weakly linearly balanced and so is the 
action of {RnN^^ ^ )/ gR'g~^ on the gR'g~^- fixed linear subspace Af^^ ^ = 
^gR'g'^ n Afx for each R' eTZ satisfying gR'g~^ C R. 

For example, a C* action on P" is weakly balanced if and only if the 
number (counting multiplicities) of positive weights is same as the number of 
negative weights. The actions described in Examples 2.4 and 2.5 of SL{2) and 
its maximal torus C* on P„ and (Pi)" are weakly balanced. More examples are 
provided by the (compactified) moduli spaces of holomorphic vector bundles 
of any rank and degree over a fixed Riemann surface (see Example 3.5 of 

For R E TZ, we consider the natural map 

G, , fySS rvss 

where is the normalizer of R in G, and the corresponding map 
H*^{GZ^i) HUGx^nZ^^) = H*^4Zh) = [//;./^(Z-)®if*)]-^" (5.7) 

where the subscript means the identity component. For any ( G H^{M^^) 
we let CIgxj^rZI^ denote the image of ( under the composition of the above 
map and the restriction map H^lM"^^) H^{GZI^). Then the main result 
of 123 is the following splitting of the map Kf^ : H*^{W) IH*{M//G) 
obtained by "truncating along each stratum" when the action is weakly bal- 
anced. 

Theorem 16 \EM Let 

VM = {Ce H*,iMn : C|gx,,z^« e [©,<„,if;^«/^(Z-)®/7y-«^" for each R E U} 

where = dim^^Mx — dirricR = dimcMxI/R and Mx is the normal space 
to GZf^ at any x G Zf^. If the action of G is weakly balanced, then the 
restriction 

kZ.Vm^IH\M//G) 
of the map nf.j : H^{M^^) — > IH*(M//G) is an isomorphism. 

Example 17 We continue Example In the terminology of Theorem 
we have ur = 5, and so we have to remove C{^*p^ : i = 0,1, j > 3} to get 
Vm- Hence, 

where 

yo = c, V^ = C{p,0, v'' = c{p\^p,e}, 



(5.6) 
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1 + + + 3t^ + 3t^ + + 2t^° + t 



This formula could also be obtained by the sort of calculation described for 
Fn//SL{2) in Example 5.1, but such a calculation is usually lengthier. 

Remark 18 The equivariant cohomology of M and of M** and the inter- 
section cohomology of M//G carry natural Hodge structures, and the maps 
we have been considering (in particular km and k^) respect these Hodge 
structures. Thus we can use these methods to calculate Hodge numbers as 
well as Betti numbers. In particular if every cohomology class of M is of 
Hodge type {p,p) for some p then the same is true for M//G, as can be seen 
in the last example (cf. [23] Section 14). 

6 Intersection pairings via the splitting Vm 

In this section, we study the intersection pairing in IH*{M//G) via Vm- 
Throughout this section, we assume that the action of G is weakly balanced 
and thus we have the isomorphism 



Let T be the top degree class in Vm corresponding to the fundamental 
class in IH"^{M//G) where m is the real dimension of the quotient M//G. It 
comes from a class in the compactly supported cohomology group H^{M^/ G) 
which can be represented by a closed differential form with compact support, 
via the composition 



H^{M'/G) ^ H"'{M//G,M'''//G) ^ H'^{M'',M''') H'^i^W). 



Then we have the following theorem 

Theorem 19 Let a, 13 he two classes of complementary degrees in Vm with 
respect to m. Then their product aj3 in if^(M*'*) is the top degree class r in 
Vm multiplied by the scalar 



where (■, ■)ih*{m//g) denotes the intersection pairing in IH*{M//G). 




IH*{M//G). 



(6.1) 
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Example 20 We continue Examples 2.5 andEI Notice that by the Grobner 
basis in Example 2.5, ^^p^ = 0, = = and ^^p = 0. 

Hence, for example, the matrix for the pairing ^ C is up to a 

constant 

(vKf) 

One can similarly compute the pairings for other classes. 

Since the map H*j^{W) H*j^{M'') ^ H*{M//G) induced from the 
maps in the partial desingularization process is a ring homomorphism, the 
relation 

in Theorem 6.1 is preserved. The intersection pairing (^^(a), HM{P))iH*iM//G) 
therefore equals the evaluation K^|(a/5)[M//G'] of the image in H*{M//G) 
of the product a/5 G H'^^M^'^) on the fundamental class [M//G], because 
k^~j{t)[M//G] = 1. Hence, we get the following. 

Proposition 21 Let a, (3 be classes of complementary degrees in Vm- Then 
KAo^).nW))iH^iM//G) = 4|(a/3)[M//G]. 

Remark 22 Via the natural map H*{M//G) IH*{M//G) the pairing in 
IH*{M//G) determines the intersection pairing in the ordinary cohomology 
H*{M//G), which may be degenerate for singular quotients. The quotient 
map EK M*** M//G induces a ring homomorphism H*{M//G) — >■ 
H^{M^^) which factors through Vm, and the composition H*{M//G) — >■ 
H*k\m'') IH*{M//G) is the natural map H*{M//G) IH*{M//G) 
which preserves the pairing. 

7 Pairings in intersection cohomology 

In this section and the next we consider pairings in IH*[M//G) and pairings 
in the cohomology H*{M//G) of classes in the image of the composition 

H*j^{M) Hk{M) H*{M//G) 

of the pullback from M to M and the map Kj^^. As in previous sections we 
abuse notation by suppressing the pullback and writing K.M{a) for the image 
of a G H^{M). Since these maps are ring homomorphisms, such a pairing 
is given simply by evaluating the product against the fundamental class; i.e. 
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Furthermore in Section IHl it was shown that if the G action is weakly balanced 
and a|Afss and (3\m='< lie in the subspace Vm of H^{M^^) which is isomorphic 
to IH*{M//G) then 

('«Af(")''^M(/5))/H-(A///G) = KMi(^P)[M//G]. 

In this section we will find a formula for /tj^j(a/3)[M//G] in this special case; 
in the next section we will study evaluations of the form ft:^(a/3)[M//G] for 
any G H*j^{M). 

Recall that we are assuming that M is a nonsingular complex projective 
variety embedded in a complex projective space P^, and that G acts on M 
via a complex representation p : G ^ GL{n + 1) of G such that p{K) C 
U{n + 1). This representation p gives us a lift of the action of G on M to 
the hyperplane line bundle over M, i.e. a linearization of the action of G on 
M. We can change the linearization without changing the action of G on M 
by multiplying p by any character x : G ^ C* of G. If we identify x with 
an element of k* in the usual way by taking the derivative at the identity 
of the restriction of x to K, then this change in linearization corresponds to 
shifting the moment map p : M ^ k* by the central element % of k*. The 
quotient 

M//,G 

of M by G with respect to this shifted linearization can be identified topo- 
logically with the quotient of the Zariski open subset 

M^' = {me M\x G p(G^)} 

of M by the equivalence relation ~ such that x ~ ?/ if and only if 

G^ n G^ n M^' 0. 

Just as we have a homeomorphism M//G = p^^{0)/K, so we have homeo- 
morphisms 

M//^G^p~\x)/K 

for any such x- Moreover we can generalize the construction of M^* and 
M//^G = p~^{x)/K to any central element x of k*. In particular for any 
^ G t* we can define 

M|fr = {me M\^ G Pt{T~^)} (7.1) 

and its quotient M//^Tc = ~ which is homeomorphic to p^^{^)/T. 

When 1^ is a regular value of pt then just as at (1.1) we get a map 

which we shall denote by njj^^. 

By the convexity theorem of Atiyah pP and Guillemin and Sternberg J7] 
the image pt{M) of the moment map pt is a convex polytope in t* and the 
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dense set of regular values is the disjoint union of finitely many open convex 
subpolytopes 

Ai U . . . U A,.. 

In fact iit{M) is the convex hull in t* of the finite set {iit^F) : F G and 
it is divided by walls of codimension one into subpolytopes which are convex 
hulls of subsets of {^t{F) : F G JF} and whose interiors consist of regular 
values of ^t- Here T is the set of components of the fixed point set of the 
action of T on M. 

Suppose ^ G Aj and C G Aj. Then M^'^ C M^^ and this inclusion induces 
a birational map 

^^T\i)/T = M|V/r, ^ //T, = /i?^(C)/r. 

Of course if C ^ then this map is an isomorphism^, but this is not true in 
general when ( lies in the boundary of Aj. 

Proposition 23 Suppose the action of G on M is weakly balanced. For 
a, j3 & H^{M) such that alM"", PIm"" ^ Vm we have 

for any ^ G A j with G Aj . 

Proof: Recall from Theorem and Proposition |^ that if a and (3 are of 
complementary degree then 

a(3\Ms^ = Kj^,{a(3)[M//G]T (7.2) 

where r G H'^^'^^^^^ {M^'^) is the class in Vm corresponding to the dual in 
IH'^'-^^''/^{M//G) of the class of a point in IHo{M//G). 

Let U be open in the subset C M^'^ of stable points in M for the 
G action (and recall that U is then contained in the stable part of M with 
respect to the Tc action with linearization induced from that of G). Applying 
to compactly supported cohomology on U the arguments used by Martin in 
[211 EO] (see also ^ Section 3) to prove (HSl), we find that tV^ G H^^{M^^t) 
is the image under the composition 

^Each face of is similarly divided into subpolytopes, and if ^ and ^ both lie in the 
interior of the same subpolytope in a face of Aj then 
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of the unique generator 7 of H^^'^^^/'^'^iU /Tc) with the normahzation 

nl\W\ 



no(-l)"+' 

Let us now take U = M^^j, fl M**. There is then a commutative diagram 

U/T, 



M//{r, > Ml IT,. 

By equation ()7.2j) we have 

a^V^,.. = K^{a(3)[MllG]TV'Us. 
So, using the above diagram and description of tV'^, we see that 

^^^^^^^l,MPV^m//,T,] = ^Mic^mMllG](^^^^[Uin]^ 

= Kj^,iaP)[MllG] 

as required. 

Remark 24 This result can be viewed as an extension of the well known 
fact that for ^, ^ G Aj and any rj G H^^{M) we have 

4/,e(^)[M/ATc] = 4f,c(^)[W/c^c]. 

Provided the action is weakly balanced with respect to and we restrict rj to 
be a scalar multiple of rV^ then the same formula is valid when ( G Aj \ Aj. 

Since ^ is a regular value of /ly we can evaluate 

Kl^^iaPV')[Mll^T,] 

using a residue formula as at (jl.4p which involves a sum over the set of 
fixed point components of the T action on M. Together with the results 
of Section [Ul this allows us, when the G action is weakly balanced, to write 
down residue formulae for computing pairings in the intersection cohomology 
IH*{MIIG), as follows. 

Theorem 25 Suppose that the G action on M is weakly balanced and that 
a,P E Hl^{M) have degrees whose sum is the real dimension of MUG. Sup- 
pose also that a\M^= o.'i^d th^ subspace Vm of H^{M^^) which is 
isomorphic to IH*{MIIG). Then 

{KM{a), km{P))ih*{m//g) = fiM{aP)[MllG] 



^By "weakly balanced with respect to (" we mean weakly balanced with respect to the 
moment map /i — ^, in other words we subtract from all the weights. 
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for any sufficiently small e e t* which is a regular value of the moment map 
/It- 

Example 26 Let us consider again the action of G = SL{2) on M = P„ 
(Example 2.4 and 5.1). The cquivariant cohomology H^{M) of M with 
respect to the maximal torus T of i^T = SU (2) is generated by two equivariant 
cohomology classes ^ and C, both of degree two, subject to the relation 

(e - -{n- 2)C)...(e +{n- 2)C)(e + O = 0, 

where the nonidentity element of the Weyl group W oi K sends ( to —( and 
fixes ^. Thus the equivariant cohomology H^[M) of M with respect to K 
is generated to ^ and subject to the same relation. The fixed point sets 
for the action of T are the n + 1 points represented by the weight vectors; 
the values taken by the moment map on the fixed points are just the weights 
—n,2 — n,...,n — 2,n up to a universal scalar multiple. If n is odd then 
semistability equals stability, and if r/ G Hl^{M) has degree 2(n — 3) = 
dimR(M//G') and is given by a polynomial q{^,C'^) the generators ^ and 
then the residue formulas (1.4) or (3.7) give us 

q{{n-2j)X,X^) ^ 

(cf. Example 3.2). If, on the other hand, n is even then Theorem 7.3 shows 
us that if a, /3 e H^{M) satisfy deg(a) + deg(/3) = 2(n — 3) and if alM"" and 
/^Im"" he in the subspace Vm of H^{M^'^) then 

{KM{a), km{P))ih*{m//g) = Kj^{ap)[M//G] 
_ q{{n-2j)X,X') 

where a(3 = q{^, (^). 

8 Pairings on the partial desingularization 

In this section we consider pairings i-ij^{a(3)[M//G] in the cohomology H*{M//G) 
of classes Kj^{a) and k,j^{(3) in the image of the composition 

H*k{M) H*j^{M) H*{M//G) 
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of the puUback from M to M and the map Kj^. 
First note that applying ()1.6|) to M we have 



Remark 27 As at ()1.6|) (cf. Theorem 3.1(ii)) we can replace the pairing 
«;^(a/9'D^)[M//Tc] by the evaluation on [/i~^(0)/T] of the cohomology class 
induced by (—!)"■+ q;/?X> if we want to make sure that we are only working 
with the semistable part M*** of M. Indeed we can think of (— as 
representing the Poincare dual to /i^^(0)/T in /i^^(0)/T = Mj/Tc or the 
equivariant Poincare dual to /i~^(0) in /i^^(O). 

Now let ^ be any regular value of the T-moment map ixt for M. Let 
be defined as at ()7.H) : then it follows from Section 3 of [211 that if we choose 
S> and if a; e M lies in then its image tt{x) in M lies in M^^j,. Thus 
TT : M — »• M induces a birational morphism 

and we have {■n^),[M // {T^] = [M//{r^]. Since tt^ : H*{M//^T,) H*{M//{r^) 
fits into the commutative diagram 

H^{M) (8.2) 



this implies that 

«:^^^(«/?p2)[M//5Tj = Kl^^{apV^)[M/UTl (8.3) 

and since ^ is a regular value of /it, the residue formula Theorem 3.1 gives 
us 

Lemma 28 If the degrees ofa,P G H^{M) add up to the real dimension of 
M//G, then 
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This means that to calculate the pairing K^(a/3)[M//G] it suffices to 
calculate the difference between 

Kl^^{apV^)[M/Un (8.4) 

and 

Kl{apV')[M//U (8.5) 

(Note that ()8.5|1 is just the special case of ()8.4|1 when ^ = 0.) This differ- 
ence can be calculated using the version of nonabelian localization due to 
Guillemin and Kalkman J3] and independently to Martin [211 EDI • 

In fact since the construction of M*** from M'^^ described in Section 4 
takes place in stages, it is actually easier to consider a single stage of the 
construction, when M is obtained by blowing M up along the closure of GZ^j^ 
for a suitable reductive subgroup R of G, after ffist resolving the singularities 
of GZ^^ (or equivalently, if we are only interested in the semistable points of 
M, we can simply blow ikf* up along GZf^: see Remark [TT|) . The argument 
which gave ()8.3|) also gives us 

Kl/aPV')[M//^T4 = Kliai3V')[M//^T4 (8.6) 

when ^ is a regular value of /it and k is chosen sufficiently large (depending 
on ^). Let us choose ^ G t* to lie in a connected component Aj of the set of 
regular values of f^T for which € A,. Let fi and fiT be the moment maps 
for the actions of K and T on M, and choose ^ G t* to lie in the intersection 
of Aj and a connected component of the set of regular values of fiT which 
contains in its closure. Because the choice of k, and hence also of the 
moment maps fi and fiT, depends on ^, we cannot necessarily choose ^ = ^. 
However it suffices to calculate the difference 

Kl^^ia(3V')[M//^T4 - Kl/a(3V')[M//f,], (8.7) 

since combining this with (j8.3|) and (j8.6j) and iterating the calculation will 
give us the difference between Kl^^^{af3V^)[M//^Tc] and ^{apV^)[M //^Tc] 

for any ^ in a connected component of the set of regular values of [It which 
contains in its closure. As is itself a regular value of fir, we can choose ^ 
to be and use Lemma ESI to calculate the pairing (j8.ip which is our goal. 

Remark 29 Notice also that since ^ G A^ with G Aj, we have 
where Mq^ retracts T-equivariantly onto /i2^^(0), and similarly 

where Mg^ retracts T-equivariantly onto /ij^^(O). Thus by Remark 1771 we do 
not need to resolve the singularities of the closure of GZ'^^^ and construct the 
whole of M and M in order to carry out these constructions; it suffices to 
consider the blow-up of M*** along GZ^j^ and iterations of this process. 
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We know that the image (xt{M) of the moment map (it is a convex 
polytope which is divided by walls of codimension one into subpolytopes 
whose interiors consist of regular values oi (xt- If ?7 G H^{M) there is no 
change in ^(77) [M//gTc] as ^ varies within a connected component of the 
set of regular values of fir, so it is enough to be able to calculate the change 
in ^{ri)[M // ^Tc] as ^ crosses a wall of codimension one. Any such wall is 
of the form 

At (Ml) 

where Mi is a connected component of the fixed point set in M of a circle 
subgroup Ti of T. The quotient group T/Ti acts on Mi, which is a symplectic 
submanifold of M, and the restriction of the moment map fix to Mi has an 
orthogonal decomposition 

where fix/Ti '■ Mi — > (t/ti)* is a moment map for the action of T/Ti on 
Ml, and fixi is constant because the action of Ti on Mi is trivial. Guillemin 
and Kalkman ^1] show that the change in k/^ ^{r])[M // ^Tc] as ^ crosses a 

section of the wall firiMi) whose orthogonal projection onto (t/ti)* contains 
a regular value ^1 for fix/Ti is given by 

41('^HfSv))[Mi//^AT/T,U (8.8) 
Here the residue operation 

is obtained by choosing a coordinate system X = {Xi, Xi) for t* such 
that Xi defines an integer basis for and {X2, X^) is a coordinate system 
for the dual of a Lie algebra of a codimension one subtorus of T whose 
intersection with Ti is finite, and setting 




where Cj^^^ is the T-equivariant Euler class of the normal bundle to Mi in 
M. We make sense of this residue as an element of H^^j,^{Mi) by using 
(X2, ...,Xi) as coordinates on (t/ti)* and writing 

codimMi 

= n i^iXi + 
1=1 

where each rrii G Z\ {0} is a weight for the action of Ti on the normal bundle 
and each Cj can be identified with an element of if^^^^(Mi). 

Lemma 30 Let C, ^ t* lie in a connected component Aj of the set of regular 
values of fiT for which G Aj, and let ^ G t* lie in the intersection of Aj 
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and a connected component of the set of regular values of jjx which contains 
in its centre. Then in order to calculate the difference ^8. 7| ) the only wall 
crossing terms we need to consider correspond to components Mi of fixed 
point sets of circle subgroups Ti satisfying 

^ 7r(Mi) n AP' C GZ'ji' 

so that Ml is contained in the exceptional divisor of tt : M ^ M. 

Proof: From Remark El we see that by choosing k sufficiently large we can 
assume that (after scaling by 1/fc) the wall [it{Mi) is contained in an arbi- 
trarily small neighbourhood of /iT(7r(Mi)). Notice that vr(Mi) is contained 
in a connected component of the fixed point set for the action of Ti on M, 
and hence ht{t^{Mi)) is contained in a wall for the action of T on M with 
moment map fiT- Recall that we have chosen ^ G t* (respectively ^ G t*) to 
lie in a connected component of the set of regular values of fir (respectively 
//.t) containing in its closure. It follows that for fc ^ it is possible to 
reach ^ from ^ by crossing only those walls fiT{Mi) for the action of T on M 
for which /iT(7i"(Afi)) contains 0, and in particular the constant value taken 
by A^Ti o 77 is 0. Moreover we can always assume that the which appears 
in ()8.8j) lies in a connected component of the set of regular values of fix/Ti 
whose closure contains 0. 

Suppose 7r(Mi)nM'** = 0. Since Ti fixes Mi, its image vr(Mi) is contained 
in a Ti-fixed point component in M. If the wall given by this component 
does not pass through 0, we do not need to cross the wall determined by Mi 
because it is a wall far away from in our scale. 

Let S C t = Lie(T) be a small ball containing 0. On n^^{B), we may 
choose an equivariant differential form representing supported in 

fiT^{B) n If n{Mi) n M'" = and the wall for n{Mi) passes through 0, 
we may assume C,i & B and the wall crossing term 

41 (r^^M, {af3V'))[Mi//,, (T/Ti),] (8.9) 

vanishes since a/3^^\(Mi)n/.-i{6) = ^■ 

If IT (Ml) n M'^^ is non-empty but not contained in GZ^, then the wall 
fiT{Mi) is determined by the image of Mi \ iT~^{GZff) under the moment 
map fiT which is determined by the linearization of the action on M given 
by the induced action on the line bundle tt*L®^ ® 0{—E). As above we can 
assume that G /iT(7T"(Mi)) and hence the constant value taken on n{Mi) by 
the Ti-moment map /x^i is 0. This means that the induced action of Ti on the 
restriction of L to 7i{Mi) is trivial so the same is true for the induced action 
of Ti on the restriction of 7r*L®*^ to Mi. Moreover since Mi \ 'n'~^{GZf^) does 
not meet the exceptional divisor E we have 
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and the induced action of Ti on this is trivial since Ti acts trivially on Mi. 
Hence the induced action of Ti on the restriction of 'k*L®^ ® 0{—E) to 
Ml \ 7i~^{GZif) is trivial, and hence the constant value taken by fiT^ on Mi 
is 0. Therefore the wall /ir(Mi) passes through 0, and hence need not be 
crossed. 

Hence the only wall crossing terms we need to consider are for the fixed 
point sets Mi such that 7^ 7r(Mi) fl M'^^ C GZ^f as required. 

Example 31 Let us consider again the action of G* = SL{2) on M = P„ 
when n is even. We need to blow M up along the closure of the G-orbit 
of the unique T- fixed point po in /i~^(0) in order to obtain M. The only 
T-fixed point in Gpo is po itself and the weights of the induced action on the 
fiber P„_3 over po in the exceptional divisor of M are —n, 2 — n, ...,n — 2,n 
with 0, —2, 2 omitted. If as in Example QU1 1] = g(^, C^) G H'^{M) has degree 
2(n - 3) then 

nj^,mM//G] = -\K^,{r^V')[M//T,] 

and we can write 

K^{7^V^)[M//n = {K^,{ilV^)[M//T,]~K^^^^^^^ 

where ^ is a positive number between and 1. 

Notice that n j^^{r]V'^)[M / / {T^] = KM{,'n'^'^)[M // {Tc], which is given by 
summing up the wall crossing terms for the components of the fixed point 
set with positive moment map values. Hence, 

HmKHT^ )W/kTc\ = -2resx=o( 2^ 



On the other hand, the difference Kj^j{r]V^)[M //qTc] - k^j{7]V^)[M //^Tc] 
is given by the wall crossing terms for the components of the fixed point set 
over pq with positive moment map values. Hence the difference is 

2resx=o( 2^ 



j:2<n-2j<n 



2n-3Xn-2^n-2j)Uk^,,oik-j] 



Note however that because n is even the residue is always 0. Therefore, we 
get 

, ^ q{{n-2j)X,X^) , 



Let us consider in more detail the walls fiT^Mi) and the wall-crossing 
terms ()8.9j) in the general case. Consider the subset 

L = {geG:TiC gRg^'} 
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of G. By (8.10) of j^Hl; L is the disjoint union of finitely many double cosets 
for the left N^^ action and the right A^^ action 



l<i<m 

where N^^ is the identity component of the normalizer of Ti in G and A^^ 
is the normalizer of R in G. Since GZ^^ = G x^^r Zf^ it follows that the 
Ti-fixed point set in GZf^ is the disjoint union 

l<i<m 

where Ri = giRg^^ D Ti. 



Definition 32 Let Wij Nq'Z^ for I < j < k be the Ti-eigenhundle of 
the restriction to Nq^ Z]f^ of the normal bundle to GZf^ on which Ti acts with 
weight Pij. 



Then Uij ^^ij is the Ti fixed point set in tt ^{GZf^), and we have proved 

Lemma 33 Let Mi be a component of a fixed point set of a circle subgroup 
Ti satisfying ^ 7r(Mi) n M'' C GZf^ as m Lemma\M Then 



for some i,j, and the corresponding wall crossing term i8.y\} 



IS 



where e^Wij is the T-equivariant Euler class of the normal bundle to PVFj, 
m M. 



Remark 34 Mi is fixed by Ti, so its images under jl and /i o vr are fixed by 
Ti, and hence they are contained in the Lie algebra of the centralizer of Ti. 
As Ti is a circle it has no nontrivial orientation preserving automorphisms, 
so the connected component of this centralizer is just Nq^ n K. In fact when 
K is connected any such centralizer is connected, so the centralizer of Ti in 
K is Nq^ n K and the centralizer of Ti in G is Nq^ . Also the Ti component 
of fi is constant on Mi; let us call it ^2- Then it follows that 

n Ml = fi-\ii + 6) n Ml. 

Note that ,^i and ^2 can be taken to be arbitrarily close to 0, so that fi~^{^i + 
^2) lies over semistable points in M (cf. Remark 8.3). 
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We are looking at the evaluation of res jyj_^al3V'^ on 

(/i-/V^(6)nMi)/(T/Ti). 
This can be calculated inductively as follows. Let 

nV,,//N^^=FW,J/{Nj^/iT,] 

be the partial desingularization of PWij//NQ^. By fj8.3|) . we have 



T/Ti f aP'D'^\ r T/Ti ( aPV^' 



_ K~ resx,=o = / i^pw a resxi=o 

Since dim Mi < dimM and dim (^N^^ /{Ti)c^ < dimG, we can calculate 
the difference between the wall crossing term above and 



/- 

Jr 



resx,=o- (8.10) 



inductively using the same procedure. 

Now, as at (8.1), we find that ()8.1()|1 is equal up to a scalar factor analo- 

, no(-l)"+ L. 
gOUS to to 

where ^^t^ is the product of the positive roots of N^^. 

Remark 35 The wall crossing term ()8.9|1 is an integral over the quotient 
Mi/liAT/Ti)c = /i?^(6 + 6) n Mi/T. Since the intersection of Mi with 
7r~'^{M^^) is a projective bundle over N^^Z^^, it is easier to describe quotients 
of Ml by N^' than by T, and we can use (1.6) to relate integrals over quotients 
of Ml by T to integrals over quotients of Mi by NJ^ . Unfortunately, however, 
the quotient 

Mi//UN^'/iTi)c) = r'(6 + 6) n Mi/«^ n K) 

is only well defined if ^i is centralized by Nq^ , and this is not necessarily 
the case. To overcome this problem, we can use induction to relate our 
integral over Mi//^^ {T/Ti)c to an integral over the partial desingularization of 
Mi//Nq^ , as above, or indeed to an integral over the partial desingularization 
of Ml// c_Nq^ for any C, in the Lie algebra of the centre of Nq^ fl K. In what 
follows we shall assume for simplicity that C = 0? but the same argument will 
work for any central C,. In particular if ^i itself is central then we can simply 
work with Mi// ^^Nq^ and no partial desingularization is required. 
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Remark 36 At this point it is useful to recall from [211, Lemma 7.8 that 
the fibre at a; G Zf^ of the restriction vr : M^^ M^^ of vr to M"*"* is 
the semistable stratum of the projective space associated to the normal to 
GZ^ in M^** at x with respect to the representation of R on the normal 
space. Since R C A^^ c G and semistability for some reductive group 
implies semistability for any reductive subgroup, it follows that in such a 
fibre semistability for R, for A^^ and for G are all equivalent. Similarly (cf. 
Remark OH) in the intersection P{Wij)j: of Mi = fWij with the fibre of vr 
at a; e Zf^, semistability for Ri n Nq\ for A^-^^" n N^^ and for N^^ are all 
equivalent. 



Recall that GZf^ ^ G Xj^r Zf^ and hence 

N^^Z-=N^^x^r,^^,^Z- 



and so 



It then follows immediately from Remark IHHl that 

¥WiJ/N^' = nVij I zn, //N^' n N""' . (8.12) 



Lemma 37 -Rj(A^^ H A^^') is a subgroup of finite index in A^^'. 

Proof: We modify the proof of [26J, Lemma 8.10. First note that each sub- 
group Ri and A"^^ and A^^' of G is the complexification of its intersection 
with the maximal compact subgroup K of G, and so it suffices to show that 
{Ri n K){N^' n A^^' n K) has finite index in A^-^^' n K. 

Consider the action of RiCi K on the homogeneous space (A^-^* fl K)/Ti. 
If /c e A^-^" n K then the stabilizer in R^nK of the coset kTi is 

{seRir\K\ skTi = kTi} = RiH kTik'^ 

since Ti C Ri and k normalizes Ti. But only finitely many conjugacy classes 
of subgroups of RiCi K can occur as stabilizers of elements of (A^^' fl K)/Ti 
(see [33j). Therefore there exist /ci, . . . , fc^ e N^^nK such that if k e N^'HK 
then 

kTik-^ = rkjT^k-^r-^ 
for some r E Rid K and j G {1, . . . , n}, and hence 

keiRif] K)kj{N^' n A^^" n K) 

= kj{Ri n K){N^' n A^^" n K) 

since kj normalizes Ri fl K. Since Nq^ has finite index in A^-^^, the result 
follows. 
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Remark 38 It follows immediately that the connected component Nq " of 
A^^' is equal to the connected component RiiN^^ f] N^')o of Ri{NQ^ f] N^'). 

Corollary 39 There is a natural isomorphism 

and finite-to-one surjections 

and 

Proof: This follows immediately because the linear action of Ri on Z^i- is 
trivial. 

We have reduced the calculation of the wall crossing term ()8.9p to the 
calculation of the integral (jH.llll over PWij/fN^'^ and from ()8.12j) we know 
that 

We have a surjection 

\z- n iv^> ^ ZrJ/n;^^ n iv«^ (8.13) 



Lemma 40 The fibre of ^ is the partial desingularization 

PWij\J/Stab{x) n Nj' n N^'^ 
of the quotient of the projective space ¥Wij\^ by Stab{x) n N^' n A^-^- . 

Proof: This follows since the centre of the blowup required at any stage 
of the construction of PH^jj/ZA^J^ intersects the fibre at x G Z'l^_ in the 
centre of the corresponding blowup required for the construction of the partial 
desingularization 

FWij\J/Stab{x) n N^' n A^^" 
(cf. the proofs of Lemma 1.16 and Proposition 1.20). 
We can now perform the integration needed over 

P^M-U^^/Z^'nAT^^ 

by first integrating over the fibres of \E'. This involves integrals over partial 
desingularizations 

PWij\J/Stab{x) n N^' n N^' 

and 

ZnJ/N^'nN''^ 
which can be calculated inductively. 
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Remark 41 (i) Recall from Corollary EHl that there is a natural surjection 
ZrJ/nI^' ZrJ/N^^ n N'^' such that if r/ G H*{ZrJ/N^' n A^^') then 



where c is the order of 



Stab,,Ri (x) 

for a generic x G Z^^. 

(ii) The connected component of Stab{x) for x G Z^. is Ri so A/'o^i n Ri 
is a subgroup of finite index in Stab{x) n Nq^ n iV^% and hence as in (i) we 
can reduce integrals over 

PWij\J/Stab{x) n Nj' n N^' 

to integrals over 

¥WijU//R,nN^\ 

(iii) We have assumed for simplicity that the blowup along GZ^. is the 
first stage of the construction of M//G from M//G. If instead we are at 
a later stage of the procedure, we need to replace ZrJ/N^^ by its partial 
desingularization ZnJ/N^^ throughout; cf. j2E], Lemma 8.8. 

Recall that in order to calculate the pairing ti^{al3)[M //G], by (8.1) and 
Lemma 8.2 it suffices to calculate the difference 

Kl^^{a[3V^)[M//^T,] - Kl{aPV')[M//T,] (8.14) 

which is a sum of differences of the form 

nl^^ia(3V')[M//^T,] - Kl/aPV')[M // f,] 

fo suitable ^ and ^. Recall also that these differences are in turn sums of wall 
crossing terms (|8.9|) 



and the difference between any such wall crossing term and the corresponding 
integral (IHTT|) 
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over the partial desingularization of '^Wij//NQ'^ can be calculated induc- 
tively. Finally we have just observed that we can perform this last integral 
by integrating over the fibres of the map 

and the integral over the fibre of \E' at a point represented by x G Z^j^. re- 
duces to an integral over the partial desingularization ^Wij\x// Ri of the GIT 
quotient of the projective space PVFijIa; by while the resulting integral 
over the base space Z^J/N^^ fl A^"^* can be pulled back to an integral over 
Zr.//N^\ We can use induction and the residue formula Theorem 3.1(i) to 
calculate integrals over ZrJ/N^* of any cohomology classes represented by 
equivariant cohomology classes on Zr^, so we can calculate ()8.11|1 provided 
that we are able to represent the cohomology class on ZrJ/N^'- obtained by 
integrating 

^iw- resxi=o j:^ ^ 8.15 

over the fibres of \I' by an equivariant cohomology class on Zr-. But if 
X G then we can use induction and the residue formula Theorem 3.1(i) 
to express the integral over VWi^j\x//Ri of ()8.15|) in terms of residues of 
integrals over fibres at x of projective subbundles of PPFj l^s^ which extend 
naturally to projective bundles over Zij.. Such integrals can be represented 
by equivariant cohomology classes on Zr^ using the following lemma, which 
therefore completes our procedure for calculating fi:^(a/?)[M//G]. 

Lemma 42 Let E he a rank r complex vector bundle over a manifold M. 
Then 

/ r] = ReSy=o / ^ 
JpE Jm p[y) 

where p{y) = + Ci{E)y^'~^ + . . . + Cr{E). 

Proof: This follows from standard arguments in algebraic topology. Here 
we give a simple argument. Let P denote P(-E'), and let vr : P — M be the 
projection. Then H*{P) is isomorphic to the quotient of the polynomial ring 
H*{M)[y] by the ideal generated by p{y) as above. For any cohomology class 
r] G H*{P), we have r] = T,IIq '^*Piy'' for suitable classes Pi G H*{M), where 
we have identified y with the first Chern class of the hyperplane line bundle 
P. Then 

1 (-1)^ (cijE) ^ ^ CriE)^ 

p{y) ^r(i + £iM + ... + £iM) y^' [ y "' y^ ) 

and so 

r] = 7r*/3n-i = ReSy=o / 
Jp Jm Jm p{yj 
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9 Witten's integral 



In the case when is a regular value of the moment map n Witten relates the 
intersection pairings of two classes km{c(), km{P) of complementary degrees 
in H*{M//G) coming from a, /5 G H^{M) to the asymptotic behaviour of 
the integral X'^(a/3e*^) given by 

r(rye'-) = ^ ^ ^ ^^^^^ [ [dX]e-^<^'^>/' / r/(X)e'"e'^(^\ (9.1) 

where as before a) = a; + /i. He expresses the integral as a sum of local 
contributions, one of which reduces to the intersection pairing required while 
the rest tend to exponentially fast as e tends to 0. 

Even when is not a regular value of /i, Witten's integral X'^irjc^'^) de- 
composes into the sum of a term XQ(?7e*'^) determined by the action of K on 
an arbitrarily small neighbourhood of /i~^(0), and other terms which tend 
to zero exponentially fast as e 0. We shall see that there is a residue 
formula for iKrje'^'^) which again is a sum over components of the fixed point 
set of T on M. This residue formula is related to the formulas for pairings in 
the intersection homology of M//G given in previous sections, but it is not 
in general a polynomial in e; instead it is a polynomial in ^/e, as has been 
proved by Paradan (see jHEI Cor. 5. 2). 

In Sections 4 and 7 of [20] it is proved that the integral X'^(?7e*'^) can be 
expressed as 

where W is the Weyl group of K and Q^{-) is a piecewise polynomial function 
on t* supported on cones each of which has its apex at ^it{F) for some 
component F of the fixed point set of T on M. Here as before s is the 
dimension of K, while / is the dimension of the maximal torus T. For the 
definition of see the statement of Theorem 7. 1 of 20 : it is 

where 

a^'iX) = H,(e*"e*'^(^)77(X)), 

and H=K denotes the integral over M while Ft is the Fourier transform over 
t. Equivalently if {ej} is a basis for t so that an element of t is given as 
y = J2j Vj^jy we may write 

Q''iy)=VV'piFTn,a^) 

where we define the differential operator 

^P=nE7(e.)^ 

7>o j 
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ClS db product over the positive roots 7 of K. 

We shall need to introduce a set of (possibly degenerate) cones C = 
{Ci, . . . , Cd}, each with apex at 0, for which t* is the union of C G C, the 
intersection of any two is contained in their boundaries and is polynomial 
on a neighbourhood of in each C. Let Qq be the piecewise polynomial 
function which is polynomial on each cone C e C (each having its apex at 0) 
and which coincides with Q"^ near 0. Let 

Then the argument of |20j Section 6 shows that there exist real numbers 
P/3 > and functions hjs : R'^ ^ R such that for some Np > the product 
e^fhpi^e) remains bounded as e — > O"*" and 

\r{ven-mven\ <y.^~"'''m^)- (9-4) 



In Section 8 of a residue formula is given for XqItjc^'^) in the case 
when is a regular value of the moment map fi. In this case nQlQ{r)e^'^) is 
equal to r]oe''^+'^[M// K], where 6 e H*{M//G) was defined at (1.3) and no 
is the order of the stabilizer of a generic point of /i~^(0), and thus iQ^rje'^'^) is 
a polynomial function of e. The proof of Theorem 8.1 of [20] can be modified 
to obtain a formula for X^lrie^'^) in the general case when it may not be a 
polynomial in e (see Example 9.7 below). 

If -F G is a component of the fixed point set of the maximal torus of 
T acting on M let jSpj (for j G Jp) be the weights of the action of T on the 
normal bundle to F in M. We choose a connected component A of the set 
of ^ G t for which PrjiO ^ J j "we then adjust the signs of the 

Pfj (for all F and j) in such a way that PpjiO > all ^ G A (see [TB]). 

We can then define Yes^{h{X)[dX]) as in ^0] Section 8 when h{X) is of 
the form 

where q{X) is a polynomial in X G t while f3i, ...,13^ G t* all lie in the dual 
cone of A and A G t* does not lie in any cone of dimension at most / — 1 
spanned by a subset of {Pi, Pn}. By j^I] Proposition 3.2 it is uniquely 
determined by the following properties: 

i) If {Pi, Pn} does not span t* as a vector space then les^ {hx{X)[dX]) = 0. 

ii) Tes^{hx{X)[dX])=E^>o^^ms^o+TesH^^W^hsxiX)[dX]). 

iii) If q{X) = X{\..Xi' then the limit lim,^o+ res^(/i,A(^)M^]) is unless 
N = l + 3i + 

iv) If g(X) = 1 and X = / and A} is a basis for t* then ms^{hx{X)[dX]) = 
unless A = XiPi + ... + XiPi where A-,- > for each j, and if this is the case 
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then Tes^{h\{X)[dX]) = \ det j3\ ^, where /5 is an / x Z matrix whose columns 
are the coordinates of jSi, ...,l3i with respect to any orthonormal basis of t. 

Finally in order to remove the restriction on A we choose p G t* such that 
—p lies in the dual cone of A and define 

TesP'^{hxiX)[dX]) = lim^ies^ {hx+sp{X)[dX]). 

Except for the additional factors of i discussed in Remark 3.4, when applied 
to suitable meromorphic differential forms on the complexified Lie algebra of 
the torus, res'''^ gives the multivariable residue which appeared in Section 3. 

If -F G J-" we define a cone C{F) in t, with apex at fiT{F), by 

CiF) = {MF) - E -^^(^F, : > 0} (9.5) 
j 

where the Pfj are the weights of the action of T on the normal bundle 
to F with adjusted signs as above. By subdividing the cones C G C if 
necessary, we can assume that for each F G and each C G C, either 
there is a neighbourhood of in C which is contained in C{F) or there is a 
neighbourhood of in C which does not meet the interior of C{F). Then if 
-F G we let be the set of C G C such that there is a neighbourhood of 
in C which is contained in C{F). 



Theorem 43 If rj e H^{M) then llirje''^) is equal to 



where the constant is given by 

2'(27r)-'/2 



A 



K 



\W\mo\ (T)' 



Here cp denotes, as before, the equivariant Euler class of the normal bundle 
to F, and if f is a piecewise polynomial function which is polynomial on a 
neighbourhood of in the cone C , then Vc{f) denotes the polynomial which 
is equal to f on a neighbourhood of in C. 



Proof: The proof is a straightforward modification of j^HI, Sections 4 and 8. 
By ()9.1|) . we have 

(ZTTj* vol A JXGk Jm 

27ry volTixet^ ^ ^ ^ hi ' 
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By Parseval's theorem this becomes 

^'("^") - (2.yJlWl voir ljWy)e-'"''-FT(viX) I „iX)e"e"<''>), 

where Ft denotes the Fourier transform over t. We now expand the integral 
over M using the abehan locahzation theorem, to get a sum of terms 



E 



each corresponding to a component F of the fixed point set of the action 
of T (see for example JH]). The Fourier transform can thus be expressed 
as a sum over such that the term corresponding to F G is a piecewise 
polynomial function supported on a cone with apex at ^t{F). Decomposing 
t* into cones C with apex at as above, we find that the integrand on each 
cone C is e-l^l'/2^ times a piecewise polynomial function pc- The functions 



are also piecewise polynomial, and we can assume that they are also polyno- 
mial on a neighbourhood of in each of the cones C G C. To define Jo(?7e*'^), 
we replace pc by the polynomial which equals pc in a neighbourhood of 
in C, which by the argument of [201 Section 8 is 



This gives us the formula in the statement of the theorem. 

Remark 44 If the condition that C G Ci;' (in other words that a neighbour- 
hood of in C lies in C{F)) guarantees that the residue 

^ Jf epyX) ' 

is a polynomial function of y on C (not merely piecewise polynomial), then 
we can omit the expression Vc from ()9.6|) . 

Remark 45 If F G is such that ^t[F^ does not lie on a wall through 
(or a wall such that the affine hyperplane spanned by the wall passes through 
0), then does not lie on the boundary of the cone C{F), and hence either 
Cf = ^otCp = C. If Cp = ^ then F ^ JF_,_ and F contributes zero to the 
expression for X^lrje'^'^) in Theorem 9.1. If Ci? = C, so that F G J-'+, then the 
contribution of F can be written as an integral over U^^(^C = t and by the 
arguments of pUj Section 8 it is given by the same formula 

JF ^f{X) 

as in the case when is a regular value of /i. 
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Example 46 If / = 1 and there are two cones (both half lines) then when 
calculating I^lrie^'^) we need integrals of the form 

f e-<y,y>/^eyJdy = ± r e-y'/^'y'dy. 

JyeC Jo 

Ignoring the sign, this can be evaluated as 



+ e{j - 1) / e-y'/'^y^-'dy 
Jo 



e(j-l)/ e~y'/'^y^-'dy 
Jo 

if j > 1. By induction this equals 

e(^-^y\j-l)(j-3)..A.2 Te-y'/'^ydy 

Jo 

= e(^+^)/^(j-l)(j-3)...4-2 
if j is odd, and if j is even it is 

e^^'U -3)...3-l Te-y'/'^dy 

Jo 

|eO+i)/2(^-_l)(^-_3)...3.1. 

Thus we expect that y/e will appear in the answer and Xo(?7e*'^) will not in 
general be a polynomial in e. 

Remark 47 By subdividing the cones C G C if necessary, we can assume 
that each C G C is of the form 

C = {sibi + ... + sibi : si, si G R, Si > 0, Sm > 0} 

for some basis bi,...,bi of t and some m G {0,...,/}. Then the formula of 
Theorem 9.1 can be expressed as a linear combination (whose coefficients are 
independent of e) of integrals of the form 

[dy]p(y)e-^y'yy^^ 

where p{y) is a polynomial function of ?/ G t. Changing coordinates using 
the basis 6i, 6/ of t gives us integrals of the form 



/ [dy]P{y)e-^y'yy'^ 



/?/e(R+)™x 

where P{y) is a polynomial function of ?/ G and ( , ) is an inner product on 
m'. Using induction on I and calculations similar to those in Example EUl it 
follows that XQ(?7e*'^) is always a polynomial in y/e, although not necessarily 
a polynomial in e. 
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Example 48 Consider the case we have looked at a number of times (Ex- 
amples 2.4, 3.2, 4.2) when G = SL{2) acts on M = (Pi)" with n even (cf. 
also Section 9 of (20]). The fixed points of the action of the maximal torus 
T of are the n-tuples of points (xi, . . . ,x„) in Pi such that each Xj is 
either or oo, which we index by sequences 5_= ((5i, . . . , 5„) where 5j = 1 if 
Xj = and Sj = —1 if Xj = oo. The value of the moment map for such a 
point is Yl]=i^j- Recall that H*{M) has n generators of degree 2, and the 
equivariant cohomology H^{M) is generated by lifts (i = 1, . . . , n) of these 
together with one additional generator ( of degree 2, subject to the relations 
i^jY = C^; while H^{M) is generated by the and ("^ subject to the same 
relations. Then if rj = g(^i, . . . ,^n, C^) ^ H'^[M) we have from Theorem 9.1 
that 

Ak , ^ . /-o 



Ol + ...+dn>0 

+ f dye~y'/'^yV^^.)x 

^^4=0 i^.e''^^^ '^^e-^y^iU 5,)g(5iX, . . . , S^X, X')] , 



where A^ is the constant defined in the statement of Theorem 9.1, and for 
a rational function R{X), resJ^Q(e*^"^i?(X)) is the coefficient of 1/X in the 
Taylor expansion if /i > and otherwise. 

An easy calculation shows that the factors V±M+Tesx=o may simply be 
replaced by resx=o- The contribution of any fixed point indexed by {6} such 
that Y.j = is 

AKe-'/' resx=o ( ^^^^^('^i^, • • • , '^nX, X')e-y'/'^e-^y^ dy^ . 

Thus we see from the calculations in Example EHl that for some choices of q 
the individual contributions of the F with ^t{F) = will involve odd powers 
of ^/e, although an argument from symmetry shows that X^'qe'^'^) is in fact 
a polynomial in e in this example. 

Example 49 As our final example consider the linear action of G = C* on 
M = Fn with distinct weights tq, r„ G Z. Then H^{M) is generated by two 
equivariant cohomology classes ^ and ( of degree two subject to the relation 

n 

n(e-r,c) = o. 

j=0 

The moment map for the action of T = on M is given up to a constant 
by 

H[xo, ...,Xr, 



ro\xo\ 


2 + ... + r„|, 




2 






+ 




2 



46 



Suppose now that tq — but that rj ^ for j > O.Then if 77 = q{^, () e 
H^(M) we have from Theorem 9.1 that 

Aw /"O „-y^/2€ -iyX 

noo QirjX^-y^/2e^-iyX 

+ / dyresx=of, . ^ q{rjX,X)). 

The contribution of each j > to this expression is a polynomial in e, but if 
q{0, X) = X^ then 

rO ^-yy2e^-iyX ^-yy2er_^y\n-N-2 

resx=o / dy— — —q{0,X)= / dy- 



which is a nonzero constant multiple of e("~^~2)/2_ ^jj^^g if n — iV is odd then 
iKrje^^) is not a polynomial in e. 
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